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An accurate semi-analytical solution of the conductivity problem for a composite with anisotropic matrix and arbitrarily oriented anisotropic ellipsoidal inhomogeneities has been obtained. The developed approach combines the superposition principle with the multipole expansion of perturbation fields of inhomogeneities in terms of ellipsoidal harmonics and reduces the boundary value problem to an infinite system of linear algebraic equations for the induced multipole moments of inhomogeneities. A complete full-field solution is obtained for the multi-particle models comprising inhomogeneities of diverse shape, size, orientation and properties which enables an adequate account for the microstructure parameters. The solution is valid for the generaltype anisotropy of constituents and arbitrary orientation of the orthotropy axes. The effective conductivity tensor of the particulate composite with anisotropic constituents is evaluated in the framework of the generalized Maxwell homogenization scheme. Application of the developed method to composites with imperfect ellipsoidal interfaces is straightforward. Their incorporation yields probably the most general model of a composite that may be considered in the framework of analytical approach.
Introduction
The paper addresses the conductivity problem for particulate composite with anisotropic constituents. The work is motivated by needs in applied sciences varying from design of materials with prescribed properties to biomechanics and oil exploration. In all of these areas anisotropic materials play a crucially important role. Figure 1 shows the microstructure of graphenereinforced copper and kerogen inclusion in an anisotropic shale. For the design of coppergraphene composite, high electrical and thermal conductivities, and low thermal expansion are usually required, kerogen in shale is usually an indicator of the oil presence.
We consider a composite of arbitrarily oriented ellipsoidal inhomogeneities bonded (perfectly or not) with the surrounding continuous solid, or matrix. An ellipsoid is taken as a model shape of inhomogeneity for it provides considering, within the unified formalism, a wide range of heterogeneous solids including porous and composite media with round inhomogeneities, short fibres, platelets, elliptical cracks, etc. This choice is common in the micromechanics where the Eshelby's solution [2] for a single ellipsoid constitutes the theoretical background of several homogenization schemes.
Most publications on conductivity of composites assume an isotropy of constituents. The real-world materials are, as a rule, anisotropic. Quite expectedly, anisotropy of the constituent materials results in the macroscopic anisotropy of the particulate composite. Another source of macro anisotropy is the microstructure, i.e. size, shape, orientation and arrangement-type of inhomogeneities whose interaction affects overall conductivity of the composite. To get its reliable estimate, both the mentioned factors must be taken into account by developing the appropriate multi-particle models and corresponding analytical/numerical methods.
Several multi-particle models of composites with isotropic matrix and isotropic inhomogeneities of spherical and spheroidal shape have been developed. They include twoparticle approximation [3] [4] [5] , periodic models [6] [7] [8] [9] , among others. However, an effect of interaction between the ellipsoidal particles on the effective properties of the composite has never been studied. To the best of the authors' knowledge, all the known homogenization schemes for composites with ellipsoidal inhomogeneities are based on the single-particle solution. In the conductivity context, they are [10] [11] [12] , to mention a few. A comprehensive review of the available results is given by Markov [13] .
In contrast with the isotropic case, not as many results are available for the composites of anisotropic constituents. Willis [14] has derived the Hashin-Shtrikman-type bounds and selfconsistent estimates for the overall properties of composites with anisotropic phases. In [15] , Helsing & Samuelsson have applied the Fredholm integral equation method to get an accurate numerical solution of two-dimensional conductivity problem for the periodic composite of arbitrarily shaped anisotropic inhomogeneities in an anisotropic matrix. The Maxwell-type approach has been used in [16] to evaluate dielectric permittivity of spherical particle composite with anisotropic constituents. The multipole expansion method has been applied by Kushch [9] to study local fields and effective conductivity of a periodic aligned spheroidal particles composite with the transversely isotropic constituents. An asymptotic formula for the effective property of the dilute anisotropic composite has been derived [17] based on the layer potential technique. The thermal conductivity of transversely isotropic media with arbitrary-oriented spheroidal inhomogeneities was studied in [18] who combined the Mori-Tanaka scheme with the numerical integration procedure for the Hill tensor. In [19] a recent review of Eshelby and Hill tensors related to single ellipsoidal inclusions, both for elasticity and conductivity problems. Barthélémy [20] has presented the solution for the conduction Hill tensor of an arbitrarily oriented ellipsoidal inclusion in an orthotropic matrix. It has been used to estimate permeability of an anisotropic material containing multiple cracks in [20] [21] [22] . Independently, a similar solution has been presented in [23] and applied to the effective conductivity of dielectrics (see [24] , among others).
In a recent paper [25] , a complete solution for an isotropic unbounded solid containing an array of isotropic ellipsoidal inhomogeneities has been obtained using the multipole expansion approach. The developed method combines the superposition principle, multipole expansion of perturbation fields of inhomogeneities in terms of ellipsoidal harmonics and translation-type reexpansion formulae for these harmonics and reduces the model boundary value problem to an infinite algebraic system for the multipole moments of ellipsoidal inhomogeneities. In this work, this method is expanded on the ellipsoidal particle composites with anisotropic constituents.
Problem statement (a) Model of composite
We consider the conductivity problem for an unbounded anisotropic solid, or matrix, containing a number of anisotropic ellipsoidal inhomogeneities and regarded as a multi-particle, or cluster, model of particulate composite. Here and below, the 'conductivity' term applies to all transfer (heat, charge, mass, etc.) phenomena whose potential obeys the Laplace equation. To be specific, we will use terminology of the thermal conductivity theory.
In the global Cartesian coordinate system Ox 1 x 2 x 3 , the surface S p of the pth ellipsoid (p = 1, 2, . . . , N) centred in the point X p is defined by the equation
where
ij } is the positive definite 3 × 3 matrix, x = {x j } is the column vector of Cartesian coordinates of the point x, upper index 'T' denotes transposition operation and '·' denotes the inner (dot) product. In what follows, all the vectors and tensors are represented by the tuple of components (scalar coefficients for a set of basis vectors) and denoted by bold letters. In contrast with the vector/tensor itself, its components are dependent on the specific choice of coordinate basis. We indicate the latter one (where it necessary) by subindex: for example, ∇ x = {∂/∂x j }. For the ellipsoidal coordinates and other notations, see appendix A. Noteworthy, in the ellipsoidrelated notations, we follow the recent monograph [26] .
The governing equations of anisotropic heat conduction are written as follows:
where T is the temperature (T = T (0) in the matrix and T = T (p) in the p-th inclusion), q (p) = {q
j } is the heat flux vector and K (p) = {k (p) ij } is the conductivity tensor. We study the most general case where the K (p) orthotropy axes are not aligned with the ellipsoid's axes given by the eigenvectors of the matrix S (p) . For the time-being, the perfect interface bonding is assumed: where
) denotes the jump of quantity f across the interface and the outer normal to S p unit vector n is given by the formula
The outer thermal loading is prescribed by means of the far temperature field T far (x) being the regular function in a vicinity of inhomogeneity:
To complete the problem formulation, we require that T (1) (0) = 0. We are looking for the temperature fields inside and outside the ellipsoidal inhomogeneity.
(b) Reduction to isotropic case (i) Affine mapping
The common approach to 'anisotropic' problems (e.g. [20, 27] ) consists in their reduction to isotropic ones by appropriate affine mapping of the spatial variables. Namely,
where Φ is the harmonic function, v is a new spatial variable and N is the mapping matrix defined below. The following three-step reduction procedure applies equally to the matrix and inhomogeneity domains. First, we diagonalize the conductivity tensor K by rotating the coordinate frame:
where k j are the eigenvalues (conductivities along the orthotropy axes) of K and O is the orthogonal (rotation) matrix:
Second, we introduce the matrix K 1/2 as
It is easily seen that
where we denote M = K 1/2 · O. K 1/2 can be regarded as a 'scaling' matrix for it describes stretching/shrinking along the coordinate axes. Third, we expand the ellipsoid-related matrix B = M · S · M T as
a i being the semi-axes of the transformed ellipsoid Γ defined by the equation 
The relationship between the old x and new v spatial variables is given by the formulae
It is noteworthy that N is introduced in a way that
the mapping equation (2.11) reduces the governing equation
Simultaneously, the ellipsoid S transforms into ellipsoid Γ according to
(
ii) Global and local variables
Now, we specify the global and local coordinate systems and the corresponding spatial variables to be used in the subsequent analysis. With no loss in generality, we align the axes of the global Cartesian coordinate system Ox 1 x 2 x 3 with the orthotropy axes of the matrix material K (0) . In this case, O 0 = I = {δ ij } and the diagonal terms only are non-zero in the tensor
In fact, the new global variable v and coordinates of ellipsoids V p
are obtained by scaling (stretching or shrinking) along the coordinate axes. Also, we introduce three sets of local, inhomogeneity-related coordinate systems and variables. The first one is
. Two others are related to the interface S p : to distinguish between them, the matrix-and inclusion-related quantities will be marked additionally by '−' and '+', respectively. Specifically, the local variables v ± p are introduced as 14) where
In equation (2.15), the rotation matrices Ω ± p are found from
where 
(iii) Boundary conditions
The normal flux across the interface S is given by
We need to write this in terms of the new variable, v. By applying equations (2.12) and (2.11), we get
where h ρ is the metric (Lamé) coefficient and so
Recall that the matrix-inhomogeneity interface S p (x) corresponds to Γ
. Taking equations (2.17) and (2.19) into account reduces the bonding conditions of equation (2.3) to
In fact, the problem equations (2.2) and (2.3) for anisotropic inhomogeneous solid is reduced completely to the potential theory problem, which greatly facilitates its analysis.
Single ellipsoidal inhomogeneity
We demonstrate the basic technique of the method using the single ellipsoidal inhomogeneity problem (N = 1) as an example. Here, the matrix (p = 0) and inclusion-related (p = 1) parameters are uniquely determined by the upper '−' and '+' sign, respectively. To simplify the subsequent formulae, the sub-index p is omitted in the remainder of this section for all the parameters but k. Also, we put X 1 = V 1 = 0.
(a) Formal solution
The regular temperature field inside the inhomogeneity is given by an infinite series of interior solid ellipsoidal harmonics E m n defined by equation (A 1) of appendix A:
Here, D nm are the inhomogeneity-related series expansion coefficients. The temperature field outside the inhomogeneity is written as a sum of the far field T far and perturbation field T per (→ 0 for x → ∞) caused by the inhomogeneity: 
where the series expansion coefficients are given by
In the derivation of equation (3.3), we make use of the equality 
Here, A nm are the matrix-related series expansion coefficients: absence of the heat sources/sinks implies A (q) 01 = 0. It was pointed out already that ρ ± = a ± 1 at the matrix-inhomogeneity interface S. So, for v − ∈ Γ − we have
where δ nm is the Kronecker delta. Quite similarly, for v + ∈ Γ + one gets
To determine the series expansion coefficients A nm and D nm , we multiply equation (2.3) by the surface harmonic S l k (μ − , ν − ) and integrate the result over the Γ − . An integral form of the resolving system is
In view of the orthogonality property equation (A 8), integration is ready and yields an infinite set of linear algebraic equations
and
(b) Imperfect interface
In many practically important cases, the above-considered 'perfect interface' assumption does not apply. The real interface may be imperfect due to several reasons (atomic lattices mismatch, poor mechanical/chemical adherence, surface contamination, oxide and inter-phase diffusion/reaction layers, debonding, etc.) affecting the effective properties of the composite. In the heat conduction problem we consider, an imperfect interface is typically described by the Kapitza thermal barrier model assuming the normal heat flux continuity through the interface, whereas the temperature jump is proportional to the normal flux (e.g. [28] ). The relevant boundary conditions are h c T S + q n = 0; q n S = 0; (3.10) where the coefficient h c with dimensionality [Wt/(m 2 K)] is known as the surface conductivity. An opposite case is the highly conducting (HC) interface where temperature is continuous across the interface, whereas the normal heat flux jump is proportional to the surface Laplacian of temperature s T = n · ∇ × (n × ∇T):
Here, h s is the coefficient with dimensionality [Wt/K]. For derivation and discussion on the physical nature of (3.11), see [11] . Here, we mention only that the dimensionality analysis predicts size dependence of the composite behaviour in both LC and HC cases. The first condition of equation (3.10) can be rewritten as
where equations (2.17) and (2.19) were taken into account. Again, we multiply equation (2.3) by S l k (μ − , ν − ) and integrate the product over the Γ − to get an infinite set of linear equations:
The second, normal flux continuity condition of equation (3.10) is identical to that in equation (2.3) and reduces to a set of linear equations equation (3.8) . Equations (3.8) and (3.12) form a complete linear system with A nm and D nm as the unknowns. In fact, the only extra effort in comparison with the perfect interface case, equation (2.3), consists in ψ nkml evaluation from equation (3.13) . Note also that application of the above procedure to composites with HC (3.11) [11, 29] or other imperfect interface models is straightforward.
(c) Eshelby-type problem
The general solution we have obtained in the previous section is valid for any locally regular far field T far . The important particular case we consider here is the Eshelby-type problem, where
The series expansion of T far involves only the first-order interior harmonics E m 1 : 
Recall that
Equation (3.15) can be further simplified using the equalities following from equations (5.4) and (A 6):
By taking the linear relationship between v + and v − ,
into account, we get the exact rational expression of the integrals in equation (3.9) for n = k = 1:
Substitution of these formulae into equation (3.15) gives us a system of three linear equations
is known as the depolarization factor [30] . From equation (3.16), the inclusion-related coefficients D 1m are determined either analytically or numerically. Then, the matrix-related coefficients A 1l are found as
The solution of the Eshelby-type problem for an anisotropic solid with anisotropic ellipsoidal inhomogeneity we have obtained is valid for the arbitrary orientation of ellipsoid and orthotropy axes of the materials of matrix and inhomogeneity. In the particular case where the orthotropy axes of matrix and inclusion are aligned with the axes of the ellipsoid, equations (3.16) and (3.18) reduce to the formulae
In view of
we get
The Eshelby-type problem constitutes theoretical basis of several single inhomogeneity modelbased homogenization schemes. The results obtained here expand an applicability area of these schemes to the ellipsoidal particle composite with anisotropic constituents. 
Multiple ellipsoidal inhomogeneities
Now, we consider an advanced multi-particle micromechanical model of a composite with anisotropic constituents which enables an accurate and efficient evaluation of local fields and effective conductivity of the composite. The model geometry is an unbounded solid containing a finite number N of ellipsoidal inhomogeneities defined by equation ( 
nm are the series expansion coefficients. To fulfil the boundary conditions of equation (2.3) at the q-th interface S q in the way described above, we expand T (0) in a vicinity of the q-th inhomogeneity in terms of
Transformation of T far is ready:
The perturbation field T 
The temperature field inside the inhomogeneity, T (q) has the form of equation nm . The subsequent derivation follows the procedure described in the previous section. Omitting the details, we write the final form of the infinite linear system from where the expansion coefficients A (q) nm are to be found: 2, . . . ; l = 1, 2, . . . , 2k + 1; q = 1, 2, . . . , N. (4. 
Effective conductivity of composite (a) Maxwell homogenization scheme
The above full field solution of the multi-particle conductivity problem enables an accurate and efficient analysis of the local fields (temperature, gradient of temperature and heat flux) in every point of a composite solid. Also, this solution is sufficient for evaluating the effective conductivity of the composite with regard to microstructure. In what follows, we consider the homogenization problem in the framework of the generalized Maxwell approach [31, 32] . This homogenization scheme consists in equating an asymptotic of the perturbation field T per caused by a finite piece of actual composite to that of the equivalent homogeneous (anisotropic, in a general case) inhomogeneity with unknown effective conductivity. The formal representation of this scheme is [31] 
where c is a volume content of inhomogeneities, V q is a volume of the q-th inhomogeneity and V * is a volume of equivalent inhomogeneity Ω. Also, p (q) and p * is the induced dipole moment of actual and equivalent inhomogeneity, respectively. The effective conductivity tensor K * is found from (5.1), for more details, see [32] . The Maxwell homogenization scheme can be also formulated in terms of property contribution tensors [33, 34] . In view of equation (5.10), equation (5.1) is alternatively written as
where H * is the conductivity contribution tensor of equivalent inhomogeneity. The scheme equation (5.1) itself assumes only that the cluster and equivalent inhomogeneity are of the same (arbitrary, generally speaking) shape and size and converges in terms of cluster size to the exact solution provided the particle-to-particle interactions are taken into account [32, 35] .
(b) Induced dipole moment of ellipsoidal inhomogeneity
The induced dipole moment p is known (e.g. [36] ) as a parameter that represents contribution of the particles to the mean flux and thus determines the effective property of a heterogeneous solid. The general formula (conservation law) for the dipole moment of inhomogeneity of arbitrary shape and conductivity embedded in a homogeneous solid is [31] 
where q n (x) = {q n (x j )}. Integration in equation (5.3) is made over an arbitrary surface S encompassing the inhomogeneity. In the case of a perfect interface, equation (5.3) simplifies to the formula
reported in [16, 36] , among others. In equation (5.3), the vector p is represented by its projections on the global Cartesian axes. However, evaluation of p is greatly facilitated by employing the inhomogeneity-related basis Ov 
Second, in view of
Owing to the orthogonality of surface harmonics S m n equation (A 8), integration is ready and yields
where we made use of the equality
This means that only the terms with n = 1 contribute to the dipole moment. Next, we recognize that the expression in square brackets, equation (5.5) 6) valid for the general case of non-uniform far field and arbitrary interface bonding conditions. It is readily derived from equation (A 13) that, for large v = √ v T · v,
Then, an asymptotic of the perturbation temperature field Φ per takes the form
consistent with [37] . The counterpart formula
is consistent with [31] .
(c) Property contribution tensor
The induced dipole moment is closely related to the property contribution tensor (e.g. [33] ) widely used in context of the homogenization problem to describe contribution of a single inhomogeneity into the effective property of composite. Focusing on the conductivity problem, we assume that the background material of conductivity K (0) contains a single inhomogeneity of volume V 1 and conductivity K (1) . According to [38] , the change of heat flux vector q per volume V due to the inhomogeneity is a linear function of the far-field temperature gradient G and hence can be written in the form:
where H is the second rank conductivity contribution tensor of inhomogeneity being a function of its shape and conductivity. The counterpart parameter is the resistivity contribution tensor R [38] that gives the extra temperature gradient produced by the introduction of the inhomogeneity into a material subjected to otherwise uniform heat flux. The conductivity contribution tensor of anisotropic ellipsoidal inhomogeneity embedded in anisotropic solid is expressed in terms of Hill's tensor P for conductivity as follows:
Components of tensor P have been calculated in [20] using an affine mapping of coordinates that transforms the orthotropic matrix to the isotropic one. Alternatively, the conductivity contribution tensor can be introduced as a tensor relating the far field temperature gradient to the dipole moment of inhomogeneity [31] induced by it. Specifically, 
(d) Effective conductivity tensor
Following Maxwell [39] , we consider a spherical cluster of ellipsoidal inhomogeneities. Evaluation of the dipole moment p * of equivalent spherical (R * = (3V * /4π ) 1/3 ) inhomogeneities is ready: 12) where A * 1j are found from the Eshelby-type problem, equation (3.18) with K * regarded as a conductivity tensor of the inhomogeneity. In view of
j , the solution is greatly simplified. The right-hand side of equation (5.1) is evaluated according to 
14)
The Maxwell homogenization scheme simplifies greatly for a composite with low/moderate volume content of inhomogeneities where interaction between them can be safely neglected. In this case, we come to the standard Maxwell scheme where an explicit finite formula for the effective conductivity tensor can be derived from equations (5.9) and (5.2). The fact is, however, that neglecting the interactions in the standard Maxwell scheme makes its accuracy dependent on the shape of equivalent inclusion. An appropriate choice of the equivalent inclusion shape is a non-trivial task. We follow the approach proposed by Sevostianov [40] and treat the equivalent inhomogeneity V eq as an ellipsoid with the aspect ratios governed by the ratios between sums of the components of Hill's tensor P for individual inhomogeneities. Specifically,
; (5.15) if these quantities are smaller than 1 and
; (5.16) in the opposite case. In equation (5.15) , the tensor Q is dual to Hill tensor P:
mj ). For the ellipsoidal shape of V eq , equation (5.2) is written with the account of (5.9) as 17) where P eq is the Hill's tensor for V eq . After inversion, (5.17) yields an explicit expression for the effective conductivity tensor:
it is noteworthy that the formula (5.18) is consistent with the Maxwell-type formula (15) of Sihvola [16] for the effective conductivity of composite with anisotropic matrix and anisotropic spherical inclusions.
Conclusion
The main achievement of this work consists in application, for the first time, of the multipole expansion approach to the homogenization problem for composites with anisotropic matrix and anisotropic ellipsoidal inhomogeneities. To this end, a series of new mathematical results has been obtained in the theory of ellipsoidal harmonics which provide a rigorous analytical solution to a wide range of the boundary problems in potential theory formulated on the multiply connected domains with ellipsoidal boundaries. In the context of micromechanics, this enables an efficient and accurate study of the multi-particle models of a particulate composite with anisotropic constituents. The full field solution obtained for the finite cluster model comprising the ellipsoidal inhomogeneities of diverse shape, size, orientation and properties enables predicting the local fields and effective properties of the composite with a regard for microstructure. No assumptions regarding the geometry of composite were made and a whole geometrically admissible volume content range is covered: the only restriction is non-intersection of inhomogeneities.
The effective conductivity tensor of particulate composite with anisotropic constituents is evaluated in the framework of the generalized Maxwell homogenization scheme. It is noteworthy that application of the alternate, Rayleigh homogenization scheme, which consists in modelling the microstructure of composite with some periodic (unit cell) geometry, is also straightforward and follows the procedure outlined in [25] . The solution we have obtained is valid for the general anisotropy of constituents and arbitrary orientation of the orthotropy axes. Expansion of the developed method on the composites with imperfect ellipsoidal interfaces consists in modifying the resolving system equation (4.4) in a way described in §3b; see equations (3.7) and (3.8) . Incorporation of these features yields probably the most general model of a composite that may be considered in the framework of analytical approach. 2 h 3 ) h m .
The functions E m n (v) are, in fact, the n-th-degree polynomials, regular in any finite point v. Their computation is discussed in detail in [41] .
The exterior, or irregular solid ellipsoidal harmonics F m n (v) are defined as
is known as the Lamé function of the second kind. For computational purpose, the integral is conveniently written as
The Gauss-Legendre quadrature rule provides an accurate evaluation of this integral. We note some remarkable properties of the ellipsoidal harmonics. First, the Wronskian
The surface ellipsoidal harmonics (b) Re-expansion formulae
The following re-expansion formula exists:
where the series expansion coefficients η respectively. Here, we made use of the orthogonality of χ s t on the spherical surface. By combining equations (A 13) and (A 14) with the well-known (e.g. [42, 43] ) re-expansion formula for the scalar solid harmonics 
